We study a generality of an inflationary scenario by integrating the Einstein equations numerically in a plane-symmetric spacetime. We consider the inhomogeneous spacetimes due to (i) localized gravitational waves with a positive cosmological constant Λ, and (ii) an inhomogeneous inflaton field Φ with a potential 1 2 m 2 Φ 2 . For the case (i), we find that any initial inhomogeneities are smoothed out even if waves collide, so that we conclude that inhomogeneity due to gravitational waves do not prevent the onset of inflation. As for the case (ii), if the mean value of the inflaton field is initially as large as the condition in an isotropic and homogeneous inflationary model (i.e., the mean value is larger than several times Planck mass), the field is soon homogenized and the universe always evolves into de Sitter spacetime. These support the cosmic no hair conjecture in a planar universe. We also discuss the effects of an additional massless scalar field, which is introduced to set initial data in usual analysis.
Introduction
Over a decade, the inflationary unive standard scenario in the history of th damental idea of inflation is very sim the standard big-bang model. One of searches is to study the generality and itself. That is, to investigate the mo neous spacetime, and to judge whethe such a generic spacetime. This is, in o the cosmic no hair conjecture [2] is ce
The rapid expansion in the inflation described by an inflaton field, or equ constant Λ. For spacetimes with Λ, th has been proposed. The conjecture with Λ approach the de Sitter space spacetime is stable against linear per support this conjecture [2] . There, ho [4] . So that we expect we may prove constraints.
For homogeneous but anisotropic s tially expanding spacetimes (except B the de Sitter spacetime within one Hu And for Bianchi IX, the additional in one third of the maximum value of 3-same conclusion [5, 6] . For inhomoge method we have at present is to solve Assuming a plane symmetric sp Matzner and Wilson [8] studied a pha field under the existence of initial thermal fluctuations using new inflationary model. They found that inflation occurs only when the potential is flat enough. Since their motivation was different from studying the cosmic no hair conjecture, they did not consider the case which include large inhomogeneities of spacetime. Although they found de Sitter space is a final state, their initial inhomogeneity is not enough large to study the cosmic no hair conjecture.
Assuming a spherically symmetric spacetime, Goldwirth and Piran (GP) studied the behavior of inhomogeneous distributions of scalar field. From an estimation of an energy balance between potential energy and scalar field gradient term, they proposed a criterion for the onset of inflation such that a scale length of inhomogeneity horizon scale > a few times δφ m pl (1) where δφ is a spatial deviation of the scalar field from the mean value and m pl is Planck mass. They found that a short scale inhomogeneity compared to the horizon scale leads spacetime to collapse in closed universe, and concluded that (1) is sufficient condition for chaotic inflationary models. GP's simulations, however, are done under assumptions on the isocurvature initial data with additional massless scalar field, which may cause homogeneous expansion of the spacetime in the very initial stage. This additional scalar field may change a homogenization process of spacetime as we will see later.
In this paper, we study the validity of the cosmic no hair conjecture in a plane symmetric spacetime. We have mainly two reasons why we assume a planar universe. First, we investigate the behaviors of the inhomogeneities due to the gravitational waves, which cannot exist in a spherically symmetric spacetime. It is well studied that any linear gravitational waves decay and disappear immediately in de Sitter spacetime [9] , so our main interests are the spacetimes with strong gravitational waves. As some numerical study in flat spacetimes shows, if the strong gravitational waves are localized, those come to have apparent horizons and collapse into black holes [10] . If such a strong gravitational fie spacetime, then the spacetime may ev Szekeres and Khan-Penrose [11] foun waves in Minkowski background spac the spacetime is expanding, on the oth forces to extend localized waves, whi force due to nonlinear effect of gravity the behavior of those competitive tw acts also for a localized inhomogenei a inhomogeneous inflaton in a plane the effects to those in spherical symm Secondly, we are interested in the since a singularity formed in a plane s Recently, Nakao, Maeda, Nakamura a rical initial data for Brill waves in a cosmological constant and found tha mass provide trapped surfaces [12] . N with large gravitational mass in a b not collapse into a black hole spacet there exists an upper bound on the ar hole in an asymptotically de Sitter sp ture that a large inhomogeneity does constant-driven inflation. This conjec simulation of non-rotating-axisymme logical constant [15] . From these re inflationary era, inhomogeneities will holes in a background de Sitter unive that a naked singularity might form. bility may thus become the main pro hair conjecture. Our 1-dimensional c problem.
In Section 2, we describe basic equa
We show the effects of inhomogeneities due to gravitational waves in Section 3, and those due to inflaton field in Section 4. Conclusions and remarks are in Section 5. As units, we use 8πG = 1 and c = 1.
Equations and Numerical Methods

The models
We consider following two effects on the evolution of the spacetime; [I] inhomogeneities due to gravitational waves and [II] inhomogeneities due to an inflaton field. To make the problem simple, we set models as follows:
[I] Initial large inhomogeneities due to gravitational waves exist in the spacetime with positive cosmological constant Λ (no inflaton field).
We are interested in the competitive processes between the expansion of the background spacetime and the attractive forces of the gravity.
[II] Introduce an inhomogeneous inflaton field Φ in the context of the chaotic inflationary model. In a realistic inflationary model, it is natural to assume such an inhomogeneous inflaton field. Our interest is the effects of the spatial gradient term of the field on the evolution of the spacetime, which may prevent the onset of the inflation.
For the second model, we make initial data in two ways. One is the similar setting of initial data as those of GP's, i.e., the spacetime with another massless scalar field Ψ to obtain an isocurvature initially. The other is without such an additional scalar field. We examine the contributions of Ψ to evolutions of the spacetime.
In the chaotic inflationary scenario, we usually assume that the average of the inflaton,Φ, is larger than a few m pl in order for the Universe to expand sufficiently. Even under an existence of large inflaton field as an average (Φ > a f ew m pl ), it is not trivial how the large inhomogeneity of Φ contributes to the evolution of the Universe. We analyzed whether or not such an gradient term in the energy ρ Φ ′ prevents from the onset of inflation.
Field Equations
We use the Arnowitt-Deser-Misner (A stein equation
with the metric
where the lapse function α, the shift v γ ij depend only on time t and one curvature K i j becomes in a matrix fo
Following ADM formalism, Ham equations in our metric are written a
and evolution equations are
where Greek indices i, j, k, ... move 1 to 3-dimensional hypersurface Σ determ Ricci tensor and
R is its Ricci scala momentum density and stress tensor moving along n µ = (−α, 0, 0, 0). They
In section 3, we will treat vacuum spacetime, i.e. T µν = 0, under the assumption of the existence of a positive cosmological constant Λ, while in section 4, we will treat a scalar field Φ with potential V (Φ) = 1 2 m 2 Φ 2 as a source of the inflation rather than Λ. The energy momentum tensor of the scalar field is given by
The scalar field evolution, then, obeys the Klein-Gordon equation
To integrate (11), we introduce the conjugate momentum
where γ = det γ ij , and write down eq. (11) into two first-order partial differential equations:
The dynamical variables are γ ij and K ij (and Φ and Π, when a scalar field exists). We impose periodic boundary condition, i.e., f (
where N is the grid number in x-direction. Our simulation procedure follows Nakamura, Maeda, Miyama and Sasaki (ii) Evolve time slices by using the dynamical equations.
(iii) Check the results of (i) and (ii) using the two constraint equations on every time slice.
Explicit procedure is described in the So far, the Texas group [20] has planar cosmology. Their metric is d a diagonalized spatial metric, which developing procedure is also different and dynamical equations to get the s
Initial Value Problem
We use the York-O'Murchadha's con values. Defining conformal factor φ(x
ij is the trace-free part of th trK) is a trace part ofK ij . The qua variables in the conformal frame.
The Hamiltonian and momentum c
where ( We impose constant-mean-curvatu initial hypersurface. We also assum density (Ĵ i = 0). Then, for the initial constraint equation (19) becomes triv just have to give an arbitrary K
In order to get the periodic solution of (18), the value of trK which we give on the initial hypersurface should be chosen so that such a solution exists. The condition for trK depends on the models. Details are shown in the following sections. We use the 5th order Runge-Kutta method (Fehlberg method) to solve φ in (18).
Time Developing Scheme
For coordinate conditions, we impose a geodesic slicing condition such as α = 1 and β = 0. This slicing condition entails the risk that our numerical hypersurface may hit a singularity and stop there. If no singularity appears, however, then it may be the best coordinate condition for revealing whether de Sitter space emerges as a result of time evolution.
We use finite differential scheme to integrate the Einstein equations (7) and (8) with 400 grids in the spatial direction x. We use a simple central finite difference with second order scheme to determine derivatives.
The time step ∆t on each slice is determined, as to keep the accuracy of the computations. We set ∆t by imposing that a volume element γ and a expansion rate trK do not change too much (±0.1% change) in each step.
The accuracy is checked by comparing both sides of constraint equations.
For Hamiltonian constraint equation in the case of vacuum, for example, we calculate
at the point x on Σ(t) and regard its maximum value Error(t) = max{Err(t, x)| x ∈ Σ(t)} on each hypersurface as the error on that slice. A similar definition is performed for momentum constraint equation. An example of Error(t) is shown in Fig. 2 .1. In our calculation, the maximum error in the Hamiltonian constraint equation is a few times of O(10 −4 ) on the initial hypersurface, and this accuracy is maintained even after time evolutions.
Our overall procedures to evolve the system are as follows. At first stage, we solve the initial value on a hypers γ ij (1) and K ij (1).
1. Evaluate the time step ∆t.
2. Define next hypersurface Σ 2 and respectively.
3. Evolve the metric on Σ 2 (γ ij (2) a 4. If the scalar field exists, evolve th (13) and (14) on Σ 1 .
5. If the massless scalar field exists section 4.1), evolve them onto Σ (14) for Ψ on Σ 1 .
6. Calculate r.h.s. of (7), (8), (13) 7. Evolve values on Σ 3 , using leap- 
Inhomogeneities d waves
In this section, we show the evolutions tational waves in the spacetime with p expect two competitive effects: one is logical constant, the other is the attra the gravity. We examine whether such era, and whether such initial inhomog during inflation periods.
As we already mentioned in the introduction, linear gravitational waves are always decay in the de Sitter background spacetime. This result is also confirmed in our numerical calculations as one of our code tests. We, therefore, concentrate our attentions to the large inhomogeneities due to gravitational waves. The summary has been reported in [23] .
Since we have Λ in this system, we adopt the Hubble expansion time τ H = (Λ/3) −1/2 as our time unit, which is a characteristic expansion time of the universe. Our unit of length is also normalized to the horizon length of the de Sitter spacetime l H = (Λ/3) −1/2 .
To evaluate the inhomogeneities on each hypersurfaces, we use three different curvature invariants. First one is the 3-dimensional Riemann invariant scalar
R ijkl is the Riemann tensor of the 3-metric on Σ. We use its dimensionless value normalized by the cosmological constant,
and call it the "curvature" hereafter. We estimate the magnitude of the inhomogeneities in the 3-space Σ by the maximum value of this "curvature"
Second one is an invariant scalar induced from the Weyl tensor C µνρσ . For the vacuum spacetime, if the Weyl tensor vanishes and no singularity appears, the spacetime is homogeneous and isotropic. Hence this can be used to check whether de Sitter universe is recovered or not. We use the decomposition of the Weyl tensor:
where
αβ ρσ ε αβµν is the dual of the Weyl tensor and n µ is a timelike vector orthogonal to the hypersurface Σ. In analogy to the electromagnetism, the 3-dimensional variables E ρσ and B ρσ are called an electric and a magnetic parts of the Weyl tensor. We can reconstruct the Weyl tensor completely from this pair of tensors. Moreover, those two variables are easy to drive out using o
To estimate the field's inhomogeneitie
as a sort of gravitational "super-energ component of the Bel-Robinson tensor unless the hypersurface becomes null.
Third invariant is 4-dimensional Ri We calculate this variable by using a r Weyl tensor on the initial hypersurface Σ(t = 0). Here, δ K is a positive constant, which should be introduced because the periodic pulse increases expansion rate of the universe besides Λ. By integrating (18), we get conformal factor φ.
There is one free parameter λ, which fixes the scale. If φ is multiplied by λ, we find another solution by replacing δ K with δ K /λ 2 , which is physically the same as the previous solution. Hence, if we impose φ → 1 at the numerical boundary, then the value of δ K is fixed; it is less than O(10 −2 ).
A pulse-like wave has two characteristic physical dimensions, a width and an amplitude. We use C max (t) as an amplitude measure, and we define the width l(t) by the proper distance between two points where γ (the square of the 3-volume) decreases by half from its maximum value γ max . An example of the initial data is shown in Fig. 3.1 . This is the case of
The behaviors of the time evolutions are following. Initial distortion begins to propagate both in the ±x directions. We see the initial curvature C(t = 0, x) localized at the center with three peaks [ Fig. 3.1(b) ] separates just after t = 0, and propagate at the light speed. In Fig. 3 .2, we show both "curvature" C(t, x) and "super-energy" H(t, x). Two waves moves to the numerical boundaries and collides each other on the boundary, since we assume periodic boundary condition. After the collision, two waves proceed again in their original directions. This behavior is reminiscent of solitonic waves. We also show, in Fig. 3 .3, C max (t) and the invariant I(t, x) = R µνρσ R µνρσ /Λ. We can see clearly that the collision of the waves occurs around t = 0.2τ H , when the "curvature" is superposed. At the final stage, the spacetime is homogenized by the expansion of the universe. The results that all the spacetimes w include collision of waves occurs first a Centrella and Matzner [19] . They ex shock waves in an expanding Kasne numerically, and concluded that such a expansion due to the cosmological con -much faster than Kasner (power-la
One may wonder what happens in we expect no effect of the cosmologi cases with no cosmological constant. we impose periodic boundary conditi to the contribution of the energy of gr ground spacetime expand or contract evolutions show that such a periodic amplitude [C max (t) ∼ γ −1/3 ] if the b liding to another waves). This sugge a plane-symmetric expanding spaceti lutions for the case of colliding waves and for the case in a contracting background are still under studying. The details will be reported in the elsewhere.
Inhomogeneities due to scalar field
In this section, we introduce a scalar field Φ(x, t) as a source of inflation instead of cosmological constant, and show the results of the behavior of its inhomogeneities to the evolution of the spacetime. In the usual analytic approach of inflationary scenario, the inflaton field is assumed homogeneous. By introducing inhomogeneities, the energy density of the scalar field ρ Φ is written as
where V (Φ) is the potential term of the scalar field. Our interests is how the gradient term ρ Φ ′ affects on the expansion of the universe. The initial kinetic term ρΦ gives less effects on the inflationary scenario.
The same-aimed simulations have been already done by GP using a spherically symmetric code [7] , and one of their results is that the spacetime with large ρ Φ ′ do not evolve into the inflationary era. In order to compare the results between ours and theirs, i.e., the difference of the symmetry of the spacetime, we first set similar initial situations and parameters with GP, that is with 'isocurvature initial data' (section 4.1). This condition makes us easy to determine initial data with constant mean curvature slicing, but also makes us unclear the effects of inflaton Φ itself, because the spacetime may expand homogeneously in the very initial stage by introducing another scalar field Ψ, and such an expansion might reduce an initial large inhomogeneity of inflaton field. So that we also prepare the initial data without Ψ, and computated their time evolutions (section 4.2).
Evolution of the isocur
We study the evolutions of inhomoge initial data following to GP. In additi a massless scalar field Ψ such that th ρ total = ρ becomes uniform, where ρ Ψ = ρΨ + ρ constraint equation (5) We choose Φ 0 several times of m pl in order to get 'suitable' expansion of the Universe when δΦ = 0. This is from a condition for inflation in isotropic and homogeneous universe. We are interested in effects of gradient term of the scalar field ρ Φ ′ to the time evolution of spacetime, especially large ρ Φ ′ compare to ρ total . We get large ρ Φ ′ , if we choose small λ and large δΦ. However, the total energy density ρ total = ρ Φ ′ + V (Φ) at the inflationary era is order of the Planck scale m 4 pl , so that if we introduce 'suitable' Φ 0 , then acceptable values of λ and δΦ are limited. But we can get large enough ρ Φ ′ compare to ρ total as will be shown in Table. First, we prepare initial data of the scale λ ≃ l H and the amplitude up to δΦ ∼ 0.1Φ 0 (model [II-1a ∼ 1c] in Table 4 .1). Corresponding ratio of ρ ∇ ≡ ρ Φ ′ +ρ Ψ ′ to ρ total are also shown in Table 4 .1. Those model have large contributions of ρ ∇ , we may regard that gradient term is locally dominated.
As we can see from Fig. 4.1, in which the ways of evolutions (model [II-1b]) is shown, all the inhomogeneous scalar field are first homogenized and the field go to the slow-rolling phase along to the ordinary chaotic inflationary scenario. We find the spacetime expands sufficiently in the region where the inflaton has large enough Φ 0 . This confirms the criterion (1) proposed in spherically symmetric case by GP.
Next, we prepare initial data of the small λ. In these cases, we may expect a formation of the collapse of the spacetime, as an example shown by GP. Our case has planar symmetry, so if the collapse occurs, then the naked singularity appears. Hence from this calculation we can also discuss the so-called cosmic censorship in the spacetime with inflaton field. We prepare data with the same δΦ and different λ's such as λ = l H , Table 4 .1). In the last case (λ = 1 6 l H ), ρ ∇ is locally 86% of the ρ total , we can regard gradient term is locally dominated again.
The typical time evolution of Φ is shown in Fig. 4.2 (model [II-1g] ). The evolution is quite similar to Fig. 4.1 . That is, in all the case, the field Φ is homogenized and the spacetime expands sufficiently.
For various scale of the deviation λ (model [II-1d ∼ 1g], we show the trajectories of the evolution at x = 0 −Π/γ (Fig. 4.3) . At the beginning, t around the mean value of the field in will soon approach that of the homo scalar field begins damped oscillation the potential minimum.
To compare the effects of ρ ∇ on the the trajectories for various λ in Fig.  same as in Fig. 4.3 , and the merging independent of the initial gradient term symmetric case [7] . The contributions are drawn in Fig. 4.4(b) . Effects on compared using the maximum value figure, the homogeneous initial data 8.0m pl and maximum value Φ initial = with solid line, which are almost pil inhomogeneous initial data. So we c of the universe. In Fig. 4 .5, we show in energy density ( ρΦ, ρ Φ ′ , ρΨ, ρ Ψ ′ , ρ ∇ = ρ Φ ′ + ρ Ψ ′ becomes less effect kinetic energy of the scalar field dom The kinetic energy of the massless fi 2.5 τ H . So that we may say that the by the field Ψ. Hence, to search the better survey initial data without suc Since we are working in a planar are also exist in this system. We c its evolutions. In Fig. 4 .6, the ma on each hypersurface for various λ is the initial Weyl invariant become lar homogenized by the expansion of the u those in Section 3.
Evolutions of the inhomogeneous scalar field
Next, we show the time evolution of the initial data without introducing a massless scalar field. This setting makes clear the effects of inhomogeneous scalar field, since initial expansion rate are not uniform over the spacetime.
To show the difference with the previous model, we set the same chaotic potential with m 2 = 0.01, and the same initial scalar distribution form Φ initial . To define a unit, we set the effective cosmological constant as
, where Φ 0 is the mean value of the initial scalar field [see eq. (32)], and fix unit l H and τ H usingΛ eff . We set the background spacetime is flat on the initial hypersurface, and choose trK as
Since our present model is not isocurvature,δ K must be introduced in order to take into account the inhomogeneity effect, and is determined by the same condition as in Sec.3.
As like the cases in the previous section, we first prepare initial data for large amplitude δΦ and the scale λ to be larger than a horizon scale (model Table 4 .2). Initial rate of ρ Φ ′ to ρ total and eachδ K are shown in Table 4 .2. The gradient energy rate ρ Φ ′ /ρ total are large enough to treat our problem. The inflaton in such a case behaves like a homogeneous field in one horizon region, and induce a sufficient expansion if the average value of Φ is 'suitably' large for the inflationary model. These results are again agree with GP's results as we expected.
We next prepare initial data for small λ compare to the horizon scale.
With the same reason in the previous section, if we concentrate our attentions for the small scale deviations λ compare to the horizon scale, then only small amplitude of δΦ is acceptable. We set λ = 0.2l H and change Table 4 .2). A typical example of the time evolution of scalar field is shown in Fig.  4.7 . We see the field Φ is rolling down along the chaotic inflationary potential. In the figure, only the configuration until 12τ H is drawn, but we can see differences with that of the isocurvature model (Fig. 4.2) . Since there is no uniform expansion in the homogenized immediately but has diff point, and drags the initial distributi 4.7, the field seems to become homog the field of initially larger Φ gets larg potential faster than that from initia find again inhomogeneous distribution the configuration of the scalar field the spacetime goes to the inflationary follows the usual slow rolling scenario Sitter universe. We can see this by usi An important fact is that we did even if we set the initial inhomogen effect of the gradient energy term ρ ∇ not work on preventing an onset of infl is large enough to derive an inflation and isotropic spacetime, then the plan inflationary era.
Conclusion
We analyzed the validity of the cosm metric spacetime. We integrated the ADM formalism to see following two For the model [II], we prepare two initial situations; isocurvature initial data and fully inhomogeneous initial data. In both cases, we find that initial gradient term of the energy density of the scalar field may not lead to collapse of the spacetime. If the initial mean value of the inflaton field, Φ 0 , is large enough to derive inflation in homogeneous and isotropic spacetime, then we can conclude such a universe will always be homogenized and expand sufficiently.
For the case of the inhomogeneous scale λ is larger than the horizon scale, our calculations confirm the criterion (1) by Goldwirth and Piran, and also their calculations for spherical spacetime.
Even for the case of small λ, we could not find the collapsing universe. We did not face to a formation of a naked singularity at least in a planar universe. This may support a cosmic censorship conjecture. Therefore, we conclude that inflation is generic, and the usual analysis with isotropy and homogeneity may be justified in a plane-symmetric spacetime. We also partially confirm our inflationary scenario of inhomogeneous universe, which we mentioned in the introduction. That is, a large inhomogeneity does not necessarily prevent cosmological constant-driven expansion, instead the spacetime evolve into a de Sitter spacetime with many small black holes induced by gravitational collapses.
As we denoted in section 4.2, the condition of isocurvature initial data by introducing an additional massless field may lead to the different configuration on the evolution of the spacetime. The critical difference did not appear in the plane symmetric spacetime, but it is necessary to treat precisely also in a spherical universe.
symmetric initial data without introd
In order to clear out the generality -for example, those present in cylind more general spacetimes-are require . l(t = 0) and C max (t = 0) are width and amplitude, respectively, on the initial hypersurface. Table 3 .1. In (a), the conformal factor φ in equation (15) is shown. In (b), the "curvature" C(t, x) in (21). The time evolution of the "curvature" C(t, x) resulting from waves that are located closely. Two waves are the same form, l = 0.10l H and C max (t = 0) = 51.0, and the periodic distance is 0.30l H . We see them collide and in the collision region, the "curvature" seems to be superposed, but finally the spacetime is homogenized by the expansion of the universe. The proportions of the each terms in energy density to ρ total ; ρΦ(bold-solid The evolutions of the maximum Weyl invariant C µνρσ C µνρσ /Λ eff on the hypersurface. Table 4 .2 is shown. We see the field Φ is rolling down along the chaotic inflationary potential V (Φ) = 
